The f (R, T ) gravity theory was proposed as an extension of the f (R) theories, for which besides geometrical correction terms, proportional to the Ricci scalar R, one has also material correction terms, proportional to the trace of the energy-momentum tensor T . Those material extra terms prevent the energy-momentum tensor of the theory to be conserved. In the present letter we consider discrete time evolution and energy non-conservation in non-commutative physics, that is a result of non-commutative geometry and index theory in which the coordinate functions are non-commutative. As a result we find a link between the energy nonconservation in f (R, T ) gravity with non-commutative quantum theory, i.e., we obtain further insights about that semi-quantum gravity mechanism which improves Einstein gravity. Our predictions corroborate with the existing literature in the physics and phenomenology of non-commutative theory and f (R, T ) gravity.
Introduction
It is known that alternative theories of gravitation offer solutions to some issues that arise when treating General Relativity (GR) as the fundamental theory of gravitation. Some of the most important issues related to General Relativity as the standard theory of gravity are the late-time acceleration of the universe expansion [1, 2] and flat rotation curve of galaxies [3, 4] . Those aforecited problems are solved in GR by assuming the presence of an energy and matter whose properties are unusual and unknown, therefore being named dark energy and dark matter.
Despite the dark energy and dark matter are well described in GR by a cosmological constant Λ, some issues related to the ΛCDM model are frequently quoted in literature, for example, the cosmological fine-tuning problem [5] and some small scale problems [6] . In that sense, scalar field theories of gravity in the framework of string theory and supergravity were constructed as candidates to description of the cosmic acceleration. However, observational data does not favor any of those scalar theories, until now [7, 8] .
A different approach consists of a modification of the Einstein-Hilbert action (R + 2Λ), where the Ricci scalar R is replaced by a general function f (R) [9] . In fact, f (R) gravity is notoriously one of the most known alternative theory of gravitation, and, although its geometric corrections to GR can solve the cosmic acceleration [10, 11] and galactic astronomy [12] issues with no need for dark energy and dark matter some shortcomings arise from Solar System tests as indicated in [13, 14, 15, 16] .
Another possibility is to consider a more general action as a function of both the trace of the energy-momentum tensor and the Ricci scalar, as proposed by Harko et al [17] and often called f (R, T ) gravity. The T dependence was inspired by the realization of quantum effects or the existence of exotic imperfect fluids. Both assumptions can indeed account for a non-conservative energy-momentum tensor as predicted by the f (R, T ) theory of gravity. f (R, T ) has passed for Solar System tests in [18, 19, 20] and it was successfully applied to study compact astrophysical objects [21, 22, 23] . It also predicts a matter-geometry coupling that yields geodesic motion deviations [17] . As we will discuss later the nonconservation of energy-momentum tensor in f (R, T ) gravity also leads to a violation of energy and momentum conservation laws, which may be related with quantum phenomena, such as, a noncommutativity space-time.
Applications of noncommutative physics in gravitation were already done. In general, there are two ways to look at, one considers corrections in the metric and the other in energymomentum tensor [24] , where the effects come out as a smeared
. This distribution was used in some works concerning to black holes [26] , wormholes [27, 28, 29, 30, 31, 32] , gravastars [33, 34] and alternatives theories of gravity [35, 36, 37, 38, 39, 40] .
In quantum physics, the concept of noncommutativity plays a crucial role within of phase space. The transition between the classical to quantum world, happens when we change the canonical variables of position and momentum for Hermitian operatorsx ep that obey the Heisenberg algebra, [
this generates a uncertainty between position/momentum and the space becomes discretized with a minimum length of /2. Like this quantal idea, Heisenberg raised the notion that spatial coordinates may not commute, suggesting a coordinate uncertainty principle may solve the problem of self-energies, i.e., the ultraviolet divergences in quantum field theory. The idea was abandoned due the success of the renormalization theory in electroweak and strong interactions, not being any longer necessary a cut-off to deal with infinities.
Modifying spacetime at short distances might be relevant for quantum gravity (QG), and within of this circumstance, the subject was revived recently in a QG theory known as string theory, where noncommutative Yang-Mills theory arise as a limit [41, 42, 43] .
Simultaneous measurements of two or more spacetime directions with a high precision would require a high energy, which could result in forming a horizon. This should break down the picture of spacetime as manifold M locally modelled on the Minkowski space M 0 = R 4 at distances of Planck length [44, 45] . This scale defines the transition between the classical and the quantum nature of the spacetime. In this context Hawking conjectured the black hole evaporation with semi-classical arguments [24] , which are valid when M BH >> M P , leading to the development of the Quantum Field Theory in Curved Space-Time and of all associated semiclassical gravity. As black hole mass decreases, the condition eventually is no longer encountered, being necessary a quantum theory of gravity.
As we mentioned, it is generally believed that measurements would modify the geometry in the Planck scale. Therefore, is needed to describe these modifications.
f (R, T) gravity
The f (R, T ) gravity [17] is a generalization of the f (R) theories (check, for instance, [46] ). Its starting point is a gravitational action that depends on an arbitrary function of both the Ricci scalar R and the trace of the energy-momentum tensor T . The dependence on T was inspired initially by the consideration of existence of exotic imperfect fluids and quantum effects, the later sometimes associated with conformal anomaly [47, 48, 49, 50] .
The f (R, T ) action reads [17]
In (1), f (R, T ) is the general function of R and T , L m is the matter Lagrangian and g is the determinant of the metric tensor g µν . Throughout this work, we consider the metric signature −2 and c = 1 = G. As expected, the field equations of the f (R, T ) gravity present new extra terms and as due to those new terms the covariant derivative of the energy-momentum tensor is shown to nonvanish
where we introduce the notation f T (R, T ) = ∂ f (R, T )/∂T . Considering the energy-momentum tensor T µν to describe a perfect fluid we can assume the matter Lagrangian to be L m = ρ.
In GR the energy-momentum tensor is covariant conserved, therefore, a flat space-time background yields to well-defined conservation laws, in particular described by the continuity and Navier-Stokes equations.
Since in flat space-time the energy and momentum conservation laws are well-established, we consider the Minkowski metric as the background space-time metric, such that ∇ µ T µν = ∂ µ T µν , then from the covariant derivative of the energymomentum tensor (2), for ν = 0, one can obtain the modified continuity equation
being ρ the energy density of the system and j represent the current density. From (3), for f T = 0, the standard continuity equation is recovered. It is worth to quote equation (3) demonstrates that in f (R, T ) gravity the energy conservation law is not respected. It can be interpreted as energy flux that is ejected (injected) from (in) the system. The loss or gain of energy will depend on the function f T (R, T ).
Noncommutative quantum theory in 5-D
A noncommutative spacetime is defined by replacing the coordinates x i by Hermitian operatorsx i which obey the commutation relations [51, 43] 
where in the simplest case, θ is an antisymmetric constant tensor of dimension L 2 (length squared, D × D being D the dimension of spacetime), which is the parameter of noncommutativity. Such 1 is the identity matrix, the unity element in noncommutative algebra. The i is present as the commutator of hermitian operators is antihermitian [51] . The parameter θ determines the fundamental cell discretization as the Planck constant discretizes the phase space. The notion of point is no longer meaningful, i.e., the coordinates cannot simultaneously be measured, giving a spacetime uncertainty relation,
It was shown that we can reach a lower bound limit on the measurements of lengths [52] ∆x min = l P . In the low-energy limit l P → 0, one recovers the usual classical spacetime with for space/time. Here, (x 1 , x 2 , x 3 , . . . , x N ) are spacial coordinates of the system and x 0 is the temporal coordinate.
The algebra
The implications of (4) in a physical theory are non-local in the noncommutating spatial directions and breaks the Lorentz invariance [53] . However, we can postulate the noncommutativity between space and time directions, i,e,. a twodimensional case, being superficially broken by the presence of the tensor θ i j [43] , which is now an antisymmetric second rank tensor [54] .
Noncommutative flat space-time
Working with a two noncommutative coordinates (D = 2), one can have a NC plane obeying (4), this plane is also called Moyal plane [55] , associated to the algebra
Leading us to
Noncommutative cylinder
Another noncommutative two-dimensional spacetime, is the NC cylinder [55] . In [56] , this space was interpreted as a hidden warped space-like extra dimension. In some sense as KaluzaKlein mechanism where the hidden dimension is replaced by noncommutative space. Attempts to solve the hierarchy problem have been done [57, 58] evoking such (4 + n) compact scenarios, as well as theories involving the Higgs boson [51] .
The topology of the noncommutative cylinder is described by the algebra R × S 1 = {(x 0 ,x 1 )/x 0 ∈ R andx 1 ∈ [0, 2π[ }, where S 1 is a circle (in general this is target space for compacted strings).
The physical states of the noncommutative space with the extra dimension are given by
Spatial coordinate
Since the topology of the extra dimension is a circle, the functionsψ(x 0 ,x 1 ), are periodic inx 1 . The period is granted by T = 2πR, where R is the circle radius, which for the sake of simplicity we consider equal to 1.
The spatial coordinatex 1 should be invariant on the form x 1 →x 1 + 2πN with N ∈ Z. Following this, we have, ψ(x 0 ,x 1 ) =ψ(x 0 ,x 1 + 2πN).
The object invariant under 2π-shifts is imaginary exponential, therefore e ix 1 , and (11) becomesψ(x 0 , e ix 1 ), i.e., Ψ(x, y, z,x 1 ) ≡ ψ(x, y, z).ψ(x 0 , e ix 1 ). In general, the states can be linear combinationsψ
the periodicity ofx 1 does not impose any restriction ofψ onx 0 .
Temporal coordinate
From (8) and with the coordinatesx 0 and e ix 1 we obtain the relation
and using the Hadamard's lemma, one can show
which after applying the operator e 
Ones can note that the operator e i 2π θx 0 commute with e ix 1 , consequently, it commutes with any element e imx 1 of the cylinder. By the Schur's lemma if a operator commutes with any element of a group, it is the identity operator 1 and from the eigenvectors and eigenvaluesx 0 |x 0 = x 0 |x 0 we found that:
Since e i 2π θx 0 is the identity operator, for the eigenvalue ones obtain e i2πx 0 θ = 1. Using the Euler identity we see that 2πx 0 /θ = m2π, and consequently x 0 = mθ, with m ∈ Z. The spectrum of x 0 is hence, specx 0 ≡ {mτ, with τ ≡ θ} .
(17)
In this case the time is represented as the spectrum ofx 0 i.e., the time is discretized, with a minimum interval of τ 0, ∆t ≥ τ.
Quantization has quantized time evolution, and is possible only in discrete units.
According to [59, 56] the time evolution is given by integral power of the evolution operator in an interval equal to θ
leading to the possibility of energy nonconservation. SinceĤ is not an observable, but e −iθĤ . The quantization of time affects the energy as E f = E i + 2π/θm.
In [55] was argued that the energy nonconservation should show up in scattering and decay processes. Here we argue that it can be verified in f (R, T ) gravity as a theory in a sub-space of a large space-time, the effect is a flow between the extra dimension S 1 and the usual 4-d spacetime, which can be asserted in (3), where the new terms in the continuity equation leads to a energy nonconservation. The mechanism is similar to [57] , where there is an existence of n ≥ 2 new compact dimensions and energy is carried away towards the extra dimensions. We consider the low energy limit when matter decouples from gravity, aside of [48] that considers a coupling matter-geometry and energy-momentum exchange between the two.
Conclusions
The present work shows from the field equations in f (R, T ) gravity the nonconservation of the energy-momentum tensor.
The energy nonconservation in f (R, T ) gravity is shown in flat spacetime background. This is done in comparison with GR, where in asymptotic spacetime, energy-momentum conservation laws are well-defined.
Within of noncommutative theory we can also have the energy nonconservation due the time discretization and an extra dimension.
The energy nonconservation in a f (R, T ) 4-D theory can be understood as a flow of energy between the usual spacetime and an extra dimension, i.e., a 5-D NC theory. Möller 
